CONTROLLING AREA BLOW-UP IN SEQUENCES OF 
MINIMAL OR BOUNDED-MEAN CURVATURE VARIETIES 
AND AN EXTENSION OF THE ALLARD REGULARITY 

THEOREM 

BRIAN WHITE 



Abstract. Consider a sequence of minimal varieties Mi in a Riemannian 
manifold N such that the boundary measures are uniformly bounded on com- 
pact sets. Let Z be the set of points at which the areas of the Mi blow-up. 
We prove that Z behaves in some ways like a minimal variety without bound- 
ary: in particular, it satisfies the same maximum and barrier principles that 
a smooth minimal submanifold satisfies. For suitable open subsets W of N, 
this allows one to show that if the areas of the Mi are uniformly bounded on 
compact subsets of W, then the areas are in fact uniformly bounded on all 
compact subsets of N. Similar results are proved for varieties with bounded 
mean curvature. 



1. Introduction 

Let Mi be a sequence of m-dimensional minimal varieties in a Riemannian man- 
ifold Q, or, more generally, varieties with mean curvature bounded by some h < oo. 
Even more generally, the hypothesis that the mean curvature is bounded above by 
h can be replaced by the hypothesis that not "too much" of Mj has mean curvature 
> h, i.e., that 



limsup / (\H\ - h) + dA < oo 

JMiDK 



for every compact subset K of f2, where H is the mean curvature vector and where 
t + denotes the positive part of t (that is, t + = max{i,0}.) We suppose that the 
boundaries have uniformly bounded measure in compact sets: 

limsup \dMi\(K) < oo. 

i— >oo 

Let Z be the set of points at which the areas of the Mj blow up: 

Z = {x G : limsup |Mj|(B(x,r) = oo for every r > O}0 



Date: July 5, 2012. 

2000 Mathematics Subject Classification. Primary 53C44; Secondary 49Q20. 
Key words and phrases. Minimal surface, varifold, area bounds. 

This research was supported by the National Science Foundation under grants DMS-0406209 
and DMS 1105330. 

4f M is an embedded m-manifold-with-boundary, then |M|(E/) and \8M\(U) denote the Tri- 
dimensional area of M n U and the (m — l)-dimensional area of (8M) n U. For readers familiar with 
varifolds, if M an m-dimensional varifold with locally bounded first variation, then \M\ (U) denotes 
the mass of M in U (written \\M\\(U) in |A1172I and [i M (U) in ISim83p . and \8M\{U) denotes the 
generalized boundary measure of M applied to the set U, which is written ||<5M|| s i ng ([/) in [A1172] , 

1 



2 



BRIAN WHITE 



Equivalently, Z is the smallest closed subset of such that the areas of the Mi are 
uniformly bounded as i — »■ oo on compact subsets of fi \ Z. 

It is useful to have natural conditions that imply that Z is empty, since if Z is 
empty, then the areas of the Mj are uniformly bounded on all compact subsets of Q 
and thus (for example) a subsequence of the M, will converge as varifolds to a limit 
varifold of locally bounded hrst variation. This paper gives some such conditions. 
It also gives some properties shared by every such area blowup set Z. 

First we prove that every such set Z satisfies the following maximum principle: 

1.1. Theorem (maximum principle, §2.1|) . If f : 17 — > R is a smooth function and 
if f\Z has a local maximum at p, then 

t™ce m {D 2 f{p))<h\Df{p)\, 

where trace m (-D 2 /(p)) is the sum of the m lowest eigenvalues of the Hessian of f 
at p. 

A closed set Z that satisfies the conclusion of Theorem 11.11 will be called an 
(m, h) set. The concept of an (m, h) set can be regarded as a generalization of the 
concept of an m-dimensional, properly embedded submanifold without boundary 
and with mean curvature bounded by h. In particular, if M is a smooth, properly 
embedded, m-dimensional submanifold without boundary, then M is an (m, h) set 
if and only if its mean curvature is bounded by h. 

We also prove that any (m, h) set Z satisfies the same barrier principle that is 
satisfied by m-dimensional submanifolds of mean curvature bounded by h: 

1.2. Theorem (barrier principle, tj6.1[) . Let Q be a C 1 Riemannian manifold with- 
out boundary, and let Z be an (m,h) subset of Q. Let N be a closed region in f2 
with smooth boundary such that Z C N , and let p 6 Z n dN. Then 

Kx + • • • + K m < h 

where K\ < Ki < ■ ■ ■ < K n —i are the principal curvatures of dN at p with respect to 
the unit normal that points into N . 

The converse is also true (Theorem 17.11 ) In the case dim(iV) = m + 1, there is 
a also a strong barrier principle (Theorem I6.4|) . 

Since the support of every m-dimensional varifold with mean curvature bounded 
by h is an (m, h) se10, Theorem 11.21 includes as a special case the barrier principle 
for varifolds proved in [WhilOj . 

The following theorem allows one to conclude in some circumstances that Z is 
empty: 

1.3. Theorem (constancy theorem, ^4.11) . Suppose that an (m, h) set Z is a subset 
of a connected, C 1 -embedded, m-dimensional submanifold M of the ambient space 
f2. Then Z = or Z = M . In other words, the characteristic function of Z is 
constant on M . 

1.4. Corollary. Let S be a closed, proper subset of a connected, C 1 -embedded, Tri- 
dimensional submanifold MofQ. Suppose that Mi is a sequence of m-dimensional 
varieties (i.e., varifolds) in Q such that the boundary measures of the Mi are uni- 
formly bounded on compact sets and such that the mean curvatures of the Mi are 



To see that the support is an (m, h) set, consider the sequence of varifolds whose fcth term is 
the original varifold M multiplied by k. The area blowup set Z is precisely the support of M. 
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uniformly bounded. If the areas of the Mi are uniformly bounded on compact subsets 
of CI \ £, then they are also uniformly bounded on compact subsets of CI. 

In Section [5l we use the results above (specifically, Corollary II .4[) to prove the 
following extension of the Allard Regularity Theorem: 

1.5. Theorem ( §5.1|) . Suppose Mi is a sequence of to- dimensional minimal vari- 
eties (or stationary integral varifolds) in a Riemannian manifold CI. Suppose the 
Mi converge as sets to a subset of an m-dimensional, connected, C 1 embedded sub- 
manifold M of CI. If the Mi converge weakly to M with multiplicity one anywhere, 
then they converge smoothly to M everywhere. 

The key word here is "anywhere" : to invoke Allard's Theorem directly, one needs 
to assume the weak, multiplicity one convergence Mi — > M everywhere. 

An analogous result r £15 . 3|) holds if the Mi have uniformly bounded mean curva- 
tures, or, even more generally, if 



for some some h < oo, some p > m, and for every compact K C CI. In that case, 
the conclusion is not smooth convergence but rather convergence in C ,a for every 

a<l-s. 
p 

Sections [5] and IHl give additional results for the case of codimension one varieties, 
i.e., the case of (to, h) sets in an (m + l)-dimensional manifold. For example, as a 
special case of those results, we have: 

1.6. Theorem. Let to < 7 and let N be closed, mean convex region in R m+1 with 
smooth boundary. Suppose that dN is not a minimal surface, and that N does not 
contain any smooth, stable, properly embedded minimal hypersurface. If Z is an 
(m, 0) set contained in N, then Z = 0. 

(We remark that in R 3 , the hypothesis that N not contain a smooth, stable 
properly embedded minimal hypersurface is redundant.) 

We also prove (Corollaries 16.51 and 18. 2|) that the Meeks-Hoffman Halfspace The- 
orems for proper minimal surfaces in R 3 hold for arbitrary (2,0) sets in R 3 . 

Finally, in section [TUI we prove 

1.7. Theorem. If Z C R n is an (m,h) set, then the set Z(s) of points at distance 
< s from Z is also an (to, h) set. 

We also prove an analogous result for (to, h) subsets of Riemannian manifolds. 



2.1. Theorem. Let CI be a smooth, n-dimensional manifold without boundary. Let 
gi (i = 1, 2, 3, . . . ) and g be C 1 Riemannian metrics on CI such that the g t converge 
to g in C 1 . 

For each i, let Mi be an m-dimensional varifold in CI such that the mean curva- 
ture of Mi with respect to gi is bounded by hi and such that the boundaries of the 
Mi are uniformly bounded on compact subsets of CI: 





2. Area Blowup 



(1) 



limsup \dMi\(U) < oo for all U CC CI. 

i 
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Suppose 

h := limsupft-i < oo. 

i 

Let 

(2) Z = {x G Q : limsup |Mj|(B(a;, r)) = oo for every r > 0}. 

i 

If f : — > R is a smooth function, then f\Z cannot have a local maximum at a 
point p where 

tr&ce m {D 2 f)>\Df\h. 

Here trace m (D 2 /) is the sum of the lowest m eigenvalues of the Hessian of f with 
respect to the metric g, and \Df\ is the norm of the gradient with respect to g. 

More generally, the conclusion remains true if the hypothesis that the mean cur- 
vatures are bounded by hi is replaced by the hypothesis that 



(3) limsup / (\H\ - hi) + dA < oo 

i J MiC\K 

for every compact K C SI, where H is the mean curvature vector and where t + = 
max{i, 0}. 

Proof. To simplify notation, we give the proof in case the Mi are properly embedded 
manifolds-with-boundary. But (aside from the notation) exactly the same proof 
works for general varifolds. We prove the result by contradiction. Suppose f\Z has 
a local maximum at point p where trace m (D 2 /) > \Df \ h. 

We may assume that f\Z has a global maximum at p: otherwise replace f2 by a 
sufficiently small open set containing p. We may also assume that 

(4) f(x) < f(p) for every x e Z \ {p} 
and that 

(5) {/ > a} is compact for every a £ R. 

To see this, note that, since the result is local, we may assume that f2 is the open 
unit ball in R™ and that p — 0. By replacing / by 

we ensure that ^ and (J5J) hold. 
Choose 5 > so that 

[tvace m (D 2 f)(p) - h\Df(p)\] g > d. 

where the subscript g indicates that the expression inside the brackets is with 
respect to the metric g. Let B C be a closed ball centered at p such that 

(6) mm [trace m (^ 2 /) -h\Df\] g > 5. 

(Such a ball exists because the inequality [trace m (£> 2 /) — h \Df\ ] g > S defines an 
open set containing p.) 
By O, 

( max / < f(p). 

Z\interior(B) 

By adding a constant to /, we can assume that 

(7) max / < < f(p). 

y ' Z\interior(B) ; 
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Let N = {/ > 0}. By (0, the closure of N \ B is a compact subset of Z c , so by 
definition of Z, 

(8) limsup|Mi| (N\B) < oo 

i 

Let B* be a small closed ball centered at p such that B* is in the interior of B n N . 
Choose constants L, 7 > 0, and r > such that 

(9) max/ \Df\ g < T, 

(10) min/>7, and 

(11) min[/ trace m (L> 2 /)] 9 > -r. 

Note that the left sides of dU), ([9]), (fT0|) . and (fTT|) all depend C 1 -continuously on 
the metric g and (in the case of ©) on h. Thus for all sufficiently large i, the 
inequalities hold with gi and hi in place of <? and h; for the rest of the proof, we 
restrict ourselves to such i. All metric-dependent quantities below are with respect 
to gt. 

Define a vectorfield Xi on N by 

Xi = v Q/ 2 ) = /V/ = /z?/ T . 

Thus 

|X(| = /|D/|<r 

and the Hessian of \p is 

DX t = fD 2 f + Df T Df. 

Note that D 2 f and Df T Df are both symmetric with respect to gi, and that the 
eigenvalues of Df T Df are nonnegative. (Those eigenvalues are \Df\ 2 with multi- 
plicity 1 and with multiplicity n — 1.) Thus the eigenvalues of DXi are bounded 
below by corresponding eigenvalues of f D 2 f, so 

trace m (D^) > /trace m (£> 2 /). 

Since divMi X,; > trace m (_DXi), this implies that 



(12) div Ms X t > 

by © and (fTT|). 

Now 



f(\Df\hi + S) onB 
-r oniV\B 



/ dw Mi XidA= [ -H-X t dA+[ Xi-udS 

< / h t \X t \dA + / (\H\-hi) + \Xi\dA+ / 

JMitlN JMidN JdMiHN 

< f h t f\Df\dA + T f (\H\-hi) + dA + T\dMi\(N) 

J MiDN J MiHN 

< f hif\Df\dA + 0(l) 

JMtnN 
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where O(l) stands for any quantity that is bounded independent of i. Thus 
f (div Mi Xi-hif\Df\)dA< f {hif\Df\-&v Mi Xi)dA + 0(l). 

JMiHNnB JMin(N\B) 



Thus by flT2J), 



6fdA< / (fci/|D/| + T)tM + 0(l) 

'M 4 nAfnB J Mj(~l(JV\B) 

< (r^+r)|M 2 |(7V\B) + 0(l) 
<0(1), 

where the last step is by (J5J. Since B* C AflB and since / > 7 on B*, this implies 
that 

(13) *7|Mi|(B*)<0(l). 

However, the left side of (fT3")l is unbounded since p £ Z and B* is a ball centered 
at p. The contradiction proves the theorem. □ 



A set Z satisfying the conclusion of Theorem 12. II will be called an (to, h) subset 
of (fl,g): 

2.2. Definition. Let f2 be a smooth manifold without boundary and with a C 1 
Riemannian metric g. Let Z be a closed subset of f2. We say that Z is an (to, h) 
subset of (Cl,g) provided it has the following property: if / : CI — > R is a smooth 
function such that f\Z has a local maximum at p, then 

trace m (D 2 f(p))-h\Df(p)\ < 0. 

Suppose N is a smooth Riemannian n-manifold with boundary and with a C 1 
Riemannian metric g. Then N can be embedded into a smooth open n-manifold 
CI and the metric g can be extended to be a C 1 Riemannian metric on all of CI. A 
closed subset Z of is called an (to, h) subset of (N, g) if and only if it is an (to, h) 
subset of (O, g). It is straightforward to show that this condition is indepedent of 
the choice of f2 and of choice of the extension of the metric. 

3. Limits of (to, h) subsets 

3.1. Theorem. Suppose for i = 1,2,3,... that Zi is an (to, hi) subset of C 1 Rie- 
mannian manifold (0,<ft). Suppose that the gi converge in C 1 to a Riemannian 
metric g, that the Zi converge in the Hausdorff topology to a closed set Z , and that 
the hi converge to a limit h. 

Then Z is an (to, h) subset of(£l,g). 

Proof. We prove the theorem by contradiction. Thus we suppose that Z is not an 
(m,h) subset of {Sl,g), i.e., that there is a smooth function / : CI — > R such that 
f\Z has a local maximum at p and such that 

(14) trace m (C 2 /(p)) > h\Df(p)\. 

Without loss of generality (see the second paragraph of the proof of Theorem 12. ip . 
we may assume that f\Z attains its global maximum at p and nowhere else, and 
that / is proper: {/ > t} is compact for every t. 

Now Zi is nonempty for all sufficiently large i, so by properness, f\Zi will attain 
its maximum at a point pi. By properness, pi converges to p (the unique point 
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where f\Z its maximum) as i —> oo. By (I14|) . and by the convergence of gi to g, hi 
to h, and pi to p, 

[trace m (i5 2 /(ft)) - h \Df{ Pi )\] gi > 0, 
for all sufficiently large i, contradicting the hypothesis that Zi is an (to, hi) subset 

<rf(n, 5i ). □ 

3.2. Corollary. Suppose Z is an (m,h) subset of(fl,g), where fl is an open subset 
of R™ containing the origin, g is a C 1 Riemannian metric on Q,, and gij(0) is 
the Euclidean metric Sij . Let Xi be a sequence positive numbers tending to 0, and 
suppose that the dilated sets 

X L Z := {X lP : P eZ} 

converge to a limit set Z* . Then Z* is an (to, 0) subset o/R" (with respect to the 
Euclidean metric.) 

Proof. Let gi be the metric on Xi£l obtained from g by dilation. (In other words, 
gi is the result of pushing forward the metric g by the map x i— > A^a;, and then 
multiplying by A?.) 

Then Zi is an (m, /ij/Aj) subset of (fij,^), so by Theorem 13.11 Z is an (m, 0) 
subset of R". □ 

4. The Constancy Theorem 

4.1. Theorem (Constancy Theorem). Let f2 be an open subset of a manifold with 
C 1 Riemannian metric g. Let Z be an (to, h) set in (Cl,g). Suppose Z is a subset of 
a connected, m-dimensional, properly embedded submanifold M ofQ. Then Z = 
or Z = M . In other words, the characteristic function of Z is constant on M . 

Proof. The result is essentially local, so we may assume that f2 C R™. Suppose the 
result is false, i.e., that Z is a nonempty proper subset of M. Then M\Z contains 
an open geodesic ball B whose boundary contains a point p G Z. (See Lemma 14.31 
below if that is not clear.) By translation, we can assume that p = 0. By making 
a linear change of coordinates, we may assume that the metric g is the Euclidean 
metric at (i.e., that <7ij(0) = Sij.) 

Now let Xi be a sequence of positive numbers such that Xi —> oo. Note that the 
sets 

Xi(M \ B) := {X lX :xeM\B} 
converge to closed halfspace H of Tano M with G dH . Thus by passing to a 
subsequence, we can assume that the sets XiZ converge to a closed subset Z* of H 
with G Z* G dH. By rotating, we can assume that H is the halfplane 

H = {x G R™ : xi < and Xi = for all i > to}. 

By Corollary 13.21 Z* is an (m, 0) subset of R" (with respect to the Euclidean 
metric.) 

Now consider the function 

/ : R" -> R 

/(x)=x 1 + (x 1 ) 2 + ^(x. i ) 2 . 

Note that f\H has a local maximum at 0, so f\Z* has a local maximum at 0. But 
trace ro (£) 2 /(0)) - (0)|D/(0)| =2 
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contradicting the fact that Z* is an (m, 0) set. □ 

4.2. Corollary. Suppose Z is an (m, h) subset of f2. If Z is contained in a C 1 
submanifold S of dimension <m—l, then Z = 0. 

Proof. Note that S is contained in an m-dimensional manifold M, and apply the 
Constancy Theorem 14. II □ 

4.3. Lemma. Let M be a connected Riemannian manifold without boundary. Let K 
be a proper, nonempty, closed subset of M . Then M\K contains an open geodesic 
ball B whose boundary contains a point in K . 

Proof. Let T be an embedded curve with one endpoint in M \ K and the other 
endpoint q in K. By replacing V with a subarc, we can assume that T D K = {q}. 
Choose p € T \ {q} sufficiently close to q that the closed geodesic ball of radius 
dist(p, q) centered at p is compact. Then the closed geodesic ball of radius dist(p, Z) 
centered at p is also compact and has the desired properties. □ 

5. An extension of Allard's Regularity Theorem 

5.1. Theorem. Let 51 be an open subset of the interior of a smooth Riemannian 
manifold. Let Mi be a sequence of m- dimensional minimal submanifolds of fi such 
that (dMi) PiQ = 0. Suppose the Mi converge as sets (i.e., in the H aus dor ff sense) 
to a subset of a connected, C 1 embedded submanifold M of f2, i.e., that 

(15) limsup ( max dist(x, M)\ = for every compact K C f2. 

Suppose also that some point in M has a neighborhood U C f2 such that Mi n U 
converges weakl^ to MnU with multiplicity one. Then Mi converges to M smoothly 
and with multiplicity one everywhere. 

The result remains true if each Mi is minimal with respect to a Riemannian 
metric gi provided the metrics gi converge smoothly to a limit Riemannian metric. 
The result is also true if each Mi is a gi-stationary integral varifold, or, more 
generally, a gi-stationary varifold with density > 1. 

(If the Mi are varifolds, then x £ Mi n K in (|15[) means x £ support(Mi) n K.) 

Proof. By Theorem l2.11 the area blowup set Z is an (m, h) set. By hypothesis, the 
area blowup set Z is disjoint from U and is therefore a proper subset of M. Hence 
by the Constancy Theorem 14. 1[ Z = 0. In other words, the areas of the Mi are 
uniformly bounded on compact subsets of f2. Thus (after passing to a subsequence) 
the Mi converge in the varifold sense to a stationary varifold V supported in M. 

Let W be the largest open subset of M such that the convergence Mi — > M is 
smooth and multiplicity-one in W. By the Allard Regularity Theorem ( [A1172| §8] 
or |Sim831 24.2]), U C W so W is nonempty. Suppose the conclusion is false, i.e., 
that W is a proper open subset of M. Then by Lemma 14. 3[ W contains an open 
geodesic ball B whose boundary contains a point p £ W. By the Allard Regularity 
Theorem, the tangent cone C to V at p is not a multiplicity-one plane. However, C 
is a stationary m-varifold supported in the m-plane Tan p M, and the multiplicity 
of C is equal to 1 on a halfspace of Tan p M (namely, the halfspace Tan p B.) By 



J Here weak convergence means convergence as varifolds. Readers not very familiar with vari- 
folds may substitute "converge in C 1 " for "converge weakly"; the Theorem is still of interest in 
that case. (In fact, by Allard's Regularity Theorem, the two hypotheses are equivalent.) 
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the Varifold Constancy Theorem ( |A1172| §4.6(3)] or }Sim83| §41]), the multiplicity 
of C must then be equal to 1 everywhere on Tan p M . That is, C is a multiplicity 
1 plane, a contradiction. □ 

5.2. Remark. In case the Mi are smooth minimal submanifolds, the proof actually 
requires very little geometric measure theory. In particular, the existence of a 
varifold limit and the Constancy Theorem follow rather directly from the definition 
of varifold. And if the M^'s are smooth, the required version of the Allard Regularity 
Theorem has a very elementary proof. (See |Whi05[ Theorem 1.1]. The Theorem 
is stated for compact M, but with minor modification, the same proof works for 
noncompact M.) 

5.3. Remark. The assumption that the Mi are minimal can be replaced the as- 
sumption that the Mi have uniformly bounded mean curvatures, or even more 
generally, by the assumption that 



limsup / (\H\ - h)+) p dA < oo 

i JM;nK 



'MiC\K 

for some some h < oo, some p > m, and for every compact K C Cl. In that case, 

the conclusion is not smooth convergence but rather convergence in C ' a where 

a< 1 - In fact, 
p ' 

/ d(T & n(M,x),T&n(M,y)) \ 

limsup sup u _ m/ < oo 

i \x,y£MinK,x^y d(X,y) L m 'P J 

for every compact K C Cl. The proof is exactly as before. 

6. The Barrier Principle 

The following theorem shows that an (m, h) subset obeys the same barrier form 
of the maximum principle that is satisfied by smooth m-manifolds with mean cur- 
vature bounded by h. 

6.1. Theorem (barrier principle). Let Cl be a C 1 Riemannian manifold without 
boundary, and let Z be an (m, h) subset of CI. Let N be a closed region in CI with 
smooth boundary such that Z C N, and let p G Z Pi ON . Then 

Kx + • • ■ + K m < h 

where n\ < k,i < ■ ■ ■ < K n -i are the principal curvatures of dN at p with respect to 
the unit normal that points into N . 

6.2. Lemma. Suppose Z is a closed subset of a Riemannian manifold CI. If Z is 
not an (m,h) set, then there is smooth function f : Cl — > R such that f\Z has a 
local maximum at a point p where 

(16) trace m (^ 2 /(p)) > h\Df(p)\ 
and where 

(17) Df(p) ^ 0. 

Proof. Since the result is local, we may assume that Cl is diffeomorphic to a ball or, 
equivalently, to R™. Thus we may in fact assume that Cl is R" with a Riemannian 
metric. By hypothesis, there is a smooth function / : Cl — > R and a point p such 
that f\Z has a local maximum at p and such that (flU|) holds. 
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We assume that Df(p) — 0, as otherwise there is nothing to prove. By replacing 
/by 

x i y f(x) — e \x — p\ 2 

for a sufficiently small e > 0, we may assume that f\Z has a strict local maximum 
at p and that Df has an isolated zero at q, i.e., that 

(18) Df(x) ^0 if < \x-q\ < r 
for some r > 0. 

Since trace m (£> 2 /(<?)) > 0, the function / does not have a local maximum at q. 
Thus p is not in the interior of Z. Let ft be a sequence of points in Q \ Z converging 
to p. Let 

fi ■ n -> R 

/ifa) = f{x~Pi). 

Since f\Z has a strict local maximum at p, it follows that (for sufficiently large 
i) fi\Z has a local maximum at some point qi with lim^ q{ = p. By the smooth 
convergence /<—>•/ and by (fT6j) . 

trace m (.D 2 /;(<?;)) - & |Aft(ft)l > 

for all sufficiently large i. 

For i sufficiently large, — Pi\ < r, and ^ ft since qi € Z and ft ^ Z. Thus 

|r>/ife)| ^Oby (Hi. 

Thus (for all sufficiently large i) the function fi and the point qi have the desired 
properties. □ 

Proof of the Barrier Principle fTheorem \6.1\) . Since the result is local, we may as- 
sume that il is an open subset of R™. By Lemma [6.21 it suffices to construct a 
smooth function / : £1 — > R such that such that 

(19) max/ = /(p), 

(20) Df{p) ± 0, 
and such that 

trace m (£> 2 /)(ft) 
\Df( P )\ 



Case 1: g is the Euclidean metric. Let u : il — >• R be the signed distance to dN: 



u{x) — 



dist(x, dN) i£x<£N, 
-dist(x,dN) iixeN. 



Let ei , . . . , e„_i be unit vectors in Tan p dN in the principal directions of dN. These 
vectors together with Vu(p) form an orthonormal basis for R™, and a standard 
and straightforward computation shows that these are eigenvectors of D 2 u(p) with 
eigenvalues Kt, . . . , n n -i, and 0. 

Let f{x) = e au{ - x \ where a is a positive number to specified later. Then 

Df = ae au Du 

and 

D 2 f = a 2 e au Du T Du + ae au D 2 u. 
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From this we see that the eigenvectors of D 2 u(p) are also eigenvectors of D 2 f(p), 
and that the corresponding eigenvalues are 

(21) Xi — aKi (i = 1, ...,n — 1) 
together with A„ := a 2 . Note that choosing a so that 

a > max | Ki | 

i 

guarantees that A„ is the largest eigenvalue and thus by (f2~Tj) that 

m 

trace m (L> 2 /(p)) = j^aKj = afi, 
i=i 

so 

trace m (£> 2 /(p)) _ ap _ 

\Df(p)\ ~ a 
This completes the proof in case 1. 

Case 2: general C 1 metric g. As before, we can assume that ft C R". By a 
diffeomorphic change of coordinates, we may assume that 

(22) 9iM = &ij 
and that 

(23) Dg ij (j>)=0. 

Now by (f2"2"j) and (j2"5)h at the point p, the principal curvatures of dM with 
respect to the Euclidean metric S are equal to the principal curvatures with respect 
to the metric g. Thus, by case 1, there is a smooth function / : ft — > R such that 
Df{p) + 0, 

max / = f(p), 

and such that 

( 24 ) " trace m (D 2 f(p)) 



\Df(p)\ 

But by (f2"2")) and (|2^|) , the left side of (f!M)) does not change if we replace 5 by g. 
This completes the proof in case 2. □ 

6.3. Corollary. Suppose Z is an (m,0) subset of smooth Riemannian [m + 1)- 
manifold. If t G [O,! 1 ] i— > M(t) is a mean curvature flow of compact hypersurfaces 
and if M(0) is disjoint from Z , then M(t) is disjoint from Z for all t £ [0, T] . 

Here the mean curvature flow can be a classical flow, a Brakke flow of varifolds, 
or a level-set flow. See |Whi09[ Proposition 7.7] for the proof. (There Z is stated 
to be the support of a stationary m-varifold, but in fact the proof only uses the 
Barrier Principle 16.11 and hence establishes Corollary 16.31 for any (m, 0) set Z.) 

In the codimension one case, we also have a strong barrier principle: 

6.4. Theorem (Strong Barrier Principle). Let Z be an (m,h) subset of a smooth, 
(m + I) -dimensional, Riemannian manifold Q without boundary. 

Let N be a closed region in fl with smooth, connected boundary such that Z C N 
and such that 

Hon ■ v > h 

at every point of ON, where Hq^{x) is the mean curvature vector of dN at x and 
v{x) is the unit normal at x to dN that points into N . 
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If Z contains any points of dN, then it contains all of dN. 

Proof. See [SW89] for a proof. Specifically, [SW89| step 1, page 687] shows that any 
set Z that violates the conclusion of the strong barrier principle 16.41 also violates 
the conclusion of the barrier principle 16.11 (The proof there is written for the case 
h = 0, but the same proof works for arbitrary h.) □ 

6.5. Corollary (The Halfspace Theorem for (2,0) sets). Suppose Z C R 3 is a 
nonempty (2,0) set that lies a halfspace o/R 3 . Then Z contains a plane. Indeed, 
if L : R 3 — > R is a nonconstant linear function and if 

s := sup L < oo, 
z 

then Z contains the plane L = s. 

Proof. Hoffman and Meeks |HM90| Theo rem 1] proved this in case Z is a properly 
immersed minimal submanifold of R 3 , but their proof only uses the strong barrier 
principle and hence also works for arbitrary (2, 0) sets Z. □ 

7. Converse to the Barrier Principle 

7.1. Theorem. Let Z be a closed subset of a Riemannian manifold Q and let 
m < dim(f2). Suppose that Z is not an (m,h) set. Then there is a closed region 
N C SI containing Z and a point p £ Z n dN such that ON is smooth and such that 

H m (dN,p) > h 

where H m (dN, p) is the sum of the smallest m principal curvatures of dN at p with 
respect to the unit normal that points into N . 

Proof. By hypothesis, there is a point p G Z and a smooth function / : O — >• R 
such that f\Z has a local maximum at p and such that 

tmce m (D 2 f(p))>h\Df{p)\. 

By Lemma 16721 we may assume that Df(p) ^ 0. We may also assume that 

\Df(p)\=l. 

(Otherwise replace / by f /\Df(p)\.) Thus 

trace m [D 2 f{p)) > h. 

By modifying / outside of a compact neighborhood of p, we may assume that 
f\Z attains its global maximum at p, and that Df never vanishes on the level set 
/ = f(p). Hence the set N :— {x : f(x) < f(p)} is a closed region with smooth 
boundary, Z C N, and p e Z D dN. 
Let 

Kl < «2 < ' ' ' < Kn-l 

be the principal curvatures of dN at p with respect to the unit normal that points 
into N. We may suppose that we have chosen normal coordinates at p such that the 
standard basis vectors ei, e2, . . . , e„_i are the corresponding principal directions of 
dN at p. Let 

V/ 
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and s = |V/|, so that V/ = sv. Now 

V ei (V/(p)) = V^av 

= n. t ei + vV ei s, 

so 

e l • Ve 4 V/(p) = Kj. 

In other words, «j is the m entry of the matrix for D f(p) with respect to the 
orthonormal basis ei, . . . ,e n . Thus 

m 

h < trace m (D 2 /(p)) < Kl ' 

z=l 

(For the last step we are using the following fact from linear algebra: if Q is a 
symmetric n X n matrix, then the sum of any to of the diagonal entries of Q is 
greater than or equal to the sum of the smallest m eigenvalues of Q.) □ 

8. Minimal Hypersurfaces 

Here we prove some results in the special case of (rn, 0) sets in (m+l)dimensional 
manifolds. In the next section, we extend the results to (in, h) sets with h > 0. 

We suppose throughout this section that h > and that N is a smooth, (to + 
l)-dimensional Riemannian manifold with smooth, connected boundary. We also 
suppose that one of the following hypotheses holds: 

(1) N is complete with Ricci curvature bounded below, or 

(2) N has an exhaustion by nested, compact, mean convex regions, or 

(3) N is a subset of a larger (m + l)-manifold and N is compact and mean 
convex. 

(Each of these hypotheses guarantees that a compact hypersurface in N moving 
by mean curvature flow cannot escape to infinity in finite time. For hypotheses (2) 
and (3), this follows immediately from the maximum principle. For hypothesis (flj, 
see |Ilm92[ 6.2 or 6.4]. In hypotheses ([2]) and El the mean convex regions referred 
to need not have smooth boundary.) 

8.1. Theorem. Letm < 7 and let N be a smooth, mean convex, (to+1) -dimensional 
Riemannian manifold with smooth, nonempty, connected boundary satisfying one 
of the hypotheses (l)-(3). 

Suppose that N contains a nonempty (to, 0) subset Z and that Z does not contain 
all of ON. 

Then N contains a nonempty, smooth, embedded, stabl^ hypersurface S with 
the following property: if C C N is a connected, compact set that contains points 
of Z and of ON , then C intersects S. 

The theorem remains true for m > 7, except that the surface S is allowed to have 
a singular set of Hausdorff dimension < to — 7. 



In fact, S has a one-sided minimizing property that is considerably stronger than stabil- 
ity. See IWhiOOl §11]. In particular, if any connected component of S is one-sided (i.e., has a 
nonorientable normal bundle), then its two-sided double cover is also stable. 
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Proof. By the Strong Barrier Principle 16.41 the set Z must lie in the interior of 
AT. If dN is a stable minimal hypersurface, then we let S = dN. Thus we may 
assume that dN is not a minimal hypersurface or that it is an unstable minimal 
hypersurface. We divide the proof into four cases according to whether dN is or is 
not minimal and whether it is or is not compact. 

Case 1: dN is compact and dN is not a minimal surface. Let 

t G [0,oo) H- K(t) 

be the flow such that K(0) — N and such that dK(t) flows by mean curvature 
flow. Each of the hypotheses (fT]), ([2]), and ([3]) imply that dK(t) remains in N (as 
a compact set) for all time. 

Also, since Z is an (to, 0) set, dK(t) can never bump into Z fCorollary |6.30 That 
is. Z is contained in the interior of K(t) for all t. Thus Z C C interior(AT) 
where — (l t K(t). Furthermore, by [WhiOO, §11], S := dKoo is a minimal 
surface with the indicated regularity properties. This completes the proof in case 
1. 

Case 2: dN is a compact, unstable minimal hypersurface. The instability means 
that we can push dN slightly into N (using the smallest eigenfunction of the jacobi 
operator) to get a surface whose mean curvature is everywhere nonzero and points 
away from dN. (For example, we can push E into N by the lowest eigenfunction 
of the Jacobi operator; see [HW08] Proposition A3] for a proof.) Replacing N by 
the portion of N on one side of that surface reduces case 2 to case 1. 

Case 3: dN is noncompact and nonminimal. In this case, let p be a point in dN 
where the mean curvature of dN is nonzero. Let / : dN — >• R be a proper Morse 
function such that f(p) = min/ < and such that is a regular value of /. Let 

t G [0,oo) i — ^ K(t) C N 

be the flow such that 

K(0) = N, 
K(t) n (dN) = {pedN: f(p) > t}, 
and such that the surfaces 

M(t) := dK(t) 

move by mean curvature flow. 

(Note that M(t) is a (possibly singular) m-dimensional surface with boundary, 
the boundary of M(t) is {p G dN : f(p) = t}.) 

The rest of the proof is essentially identical to the proof in case 1. 

Case 4: dN is a noncompact, unstable minimal hypersurface. Let / : dN — > R 
be a smooth, proper Morse function that is bounded below. Since ON is unstable, 
it follows that for all sufficiently large t, the surface (dN)Ci{f < t} will be unstable. 
In particular, there is a regular value r of t for which (dN) n {/ < r} is unstable. 
By adding a constant to /, we may suppose that r = 0. This instability implies that 
we can push the interior of E slightly into the interior of A" to get a surface E' with 
3E' = <9E such that the mean curvature of E' is everywhere nonzero and points 
away from dN. For example, we can push E into A^ by the lowest eigenfunction of 
the Jacobi operator as in case (2). We make the perturbation small enough that 
the closed region bounded by E U E' does not contain any points of Z. 

Now let 

t G [0, oo) h4 M (t) 
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be the mean curvature flow (constructed by elliptic regularization) such that M(0) = 
£' and such that dM(t) = {x e dN : f(x) = t] for all * > 0. 

The rest of the proof is identical to the proof in case 3. □ 

8.2. Corollary (Strong Halfspace Theorem for (2,0) sets). Let E fe a connected, 
properly embedded, separating minimal surface in a complete 3-manifold Q of non- 
negative Ricci curvature. Suppose Z is a nonempty (2, 0) set that lies in the closure 
N of one of the connected components of fi \ M , and suppose that Z does not 
contain X. Then N contains a properly embedded, totally geodesic surface M with 
Ricci flat normal bundle. 

In particular, if fl is the flat R 3 , then £ is a plane and Z contains a plane 
parallel to S. 

Hoffman and Meeks |HM901 Theorem 2] proved this in case Z is a properly 
immersed minimal surface. 

Proof. The corollary follows from the Theorem 18.11 because by [FCS 80 , page 210, 
paragraph 1], every complete, stable, two-sided minimal surface M in f2 is totally 
geodesic and has Ricci flat normal bundle. 

The last assertion ( U Z contains a plane parallel to £") is Corollarv l6.5l □ 

9. Bounded Mean Curvature Hypersurfaces 
Here we extend Theorem 18. II from (m,0) sets to (m,h) sets. 

9.1. Definition. Let N be a smooth Riemannian manifold with smooth boundary 
and let h > 0. We say that N is h-mean convex provided 

(25) H dN -v>h 

at all points of dN, where Hon is the mean curvature vector and v is unit normal 
to dN that points into N. 

It is also convenient to allow N with piecewise smooth boundary. In particular, 
suppose N — PliNi is the intersection of finitely many smooth Riemannian manifolds 
with smooth boundary and that the dNi are transverse. (The transversality means 
that if x belongs to several of the dNi > then the unit normals to those dNi at x are 
linearly independent.) In that case, we say that N is h-mean convex provided (|25[) 
holds at all the regular boundary points of N. 

In this section, we suppose that h > and that N is a smooth, (m + 1)- 
dimensional Riemannian manifold that satisfies one of the following hypotheses: 

(i) N is complete with Ricci curvature bounded below. 

(ii) ./V has an exhaustion by nested, compact, /i-mean convex regions. 

(iii) N is a subset of a larger (m + l)-manifold and N is compact and ft,- mean 
convex. 

(The exhausting regions in JO} and the region TV in (jmj are allowed to have 
piecewise smooth boundary.) 

9.2. Theorem. Let h > 0, m < 7, and let N be a smooth, h-mean convex, (m + 1)- 
dimensional Riemannian manifold with smooth, nonempty, connected boundary. 
Suppose that one of the hypotheses (i), (ii) or (iii) holds, and that N contains a 
nonempty (m, h) subset Z. 
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Then Z is contained in a region K whose boundary is smooth and has constant 
mean curvature h with respect to the inward unit normal. Furthermore, if dN is not 
contained in Z , then dK is stable for the functional (area) — /i(enclosed volume). 

The theorem remains true for to > 7, except that the surface S is allowed to have 
a singular set of Hausdorff dimension < m — 7. 

Proof. The proof is exactly the same as the proof of Theorem 18. 1[ except that in 
that proof, we let the sets K(t) evolve so that dK(t) moves not with velocity H 
but rather with velocity H — hv where H is the mean curvature and v{x) is the 
inward unit normal. 

Suitable varifold solution to the flow can be constructed by elliptic regularization 
just as in the h = case. Furthermore, /i-mean convexity is preserved by the flow 
just as in the h = case. Indeed, all the results in |WhiOO) for mean convex mean 
curvature flow continue to hold for arbitrary h, with only very minor modifications 
in the proofs. In fact, for h > 0, the behavior of dK(t) as t — > oo is slightly simpler: 
in the case h — 0, it is possible for dK(t) to converge smoothly to a double cover 
of the limit surface S, whereas for h > 0, that is clearly impossible. □ 

10. The Distance to an (to, h) Set 

Here we show that (m, h) sets behave well with respect to the distance func- 
tion. The theorem and its proof are particularly simple when the ambient space is 
Euclidean, so we consider that case first: 

10.1. Theorem. Suppose Z is an (to, h) subset of TV 1 . Then for s > 0, the set 

Z{s) of points in R™ at distance < s from Z is also an (to, h) set. 

Proof. Let / : R n — » R be a smooth function such that f\Z(s) has a local maximum 
at p G Z(s). Let q be a point in Z that minimizes dist(g,p). Let 

g(x) = f(x + p-q). 

Then g\Z has a local maximum at q, so 

tr&ce m (D 2 g(q))-h\Dg{q)\ < 0. 
Since Df(p) — Dg(q) and D 2 f(p) = D 2 g(q), this implies that 

tmce m (D 2 f(p))-h\Df{p)\ < 0. 

□ 

10.2. Theorem. Suppose Z is an (to, h) subset of a connected, Riemannian man- 
ifold fl. For s > 0, let Z(s) be the set of points at geodesic distance < s from 
Z. 

(i) If the sectional curvatures of Q are bounded below by K , then Z(s) is an 
(to, h — mKs) set. 

(ii) 7/dim(f2) = to + 1 and if the Ricci curvature ofQ is bounded below by p, then 
Z(s) is an (to, h — ps) set. 

Proof. If dim(O) = to, then by the Constancy Theorem 14. 1[ Z is either all of 57 
or the empty set, in either of which cases the theorem is trivially true. Thus we 
suppose that dim(57) > m. 
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Let N be a closed region in fi with smooth boundary such that Z(s) C ft and 
such that p E Z(s) n dN. By Theorem 17. 11 it suffices to show that 

H m (dN,p) < ft- mKs. 

in case (P or 

H m (ON,p) <h-ps 

in case ([n]). Let q be the point in Z such that dist(g,p) = s. Let T be the geodesic 
joining p to g. Note that the signed distance function dist(-,cW) will be smooth 
on an open set containing T \ {g}, but that it may not be smooth at q. 

We get around that lack of smoothness as follows. Note that for each e > 0, we 
can find a closed region N' C ft with smooth boundary such that 

(1) N c N', 

(2) NndN' = {p}, 

(3) the principal directions of dN at p are also principal directions of dN' at p, 

(4) each principal curvature of dN' at p is strictly less than the corresponding 
principal curvature of dN at p, 

(5) each principal curvature of dN' at p is within e of the the corresponding prin- 
cipal curvature of N at p. 

By ©, 

(26) H m (dN',p) > H m (dN,p) - me. 

By ((3]), the function /(•) := dist(-,9JV') is smooth on an open subset of N' con- 
taining r. In particular, if 

N* ~ {x e N' : dist(z, dN') > s} 

then q € cW* and cW* is smooth near q. 

It follows (Proposition 1 11. 2]) that each principal curvature of dN* at q is greater 
than or equal to K s plus the corresponding principal curvature of dN' at p, and 
thus (taking the sum of the first m principal curvatures) that 

H m (dN*,q) > H m {dN',p) + mKs. 

Since Z C iV* and since Z is an (m, ft) set, the left side of this inequality is at most 
ft, so 

ft > H m (dN',p) + mKs 
> H m (dN,p) — me + mKs 

by (|2"r?)) . Since e > can be arbitrarily small, this implies that ft > H m (dN,p)+mK 
or 

H m (dN,p) < ft - mivs, 

from which it follows (Theorem 17. 1|) that Z{s) is an (m, ft — mKs) set. 
If dim(fi) = to + 1, then (letting N, N', and iV* be as above) 

H m (dN\q)>H m {dN\p)+ps 

by Proposition 111 .21 Arguing exactly as above with p in place of mK, we conclude 
that 

H m (dN,p) <h-ps, 
from which it follow that Z{s) is an (m, ft — ps) set. □ 



18 



BRIAN WHITE 



11. Appendix: Tubular Neighborhoods 

For the reader's convenience, we give the basic facts about the second fundamen- 
tal form of the level sets of the distance function to a smooth hypersurface. (These 
facts were used in Section fTUl) 

11.1. Lemma. Let M be a two-sided, smoothly embedded hypersurface in an (n+1)- 
dimensional Riemannian manifold N , let f : N — > R be the signed distance function 
to Mo, and let Q be an open subset of N on which f is smooth with nonvanishing 
gradient. For p G £1, let 

M p := {x : f(x) = f(p)} 

be the level set of f containing p, and let B p be the second fundamental form of M p 
at p with respect to the unit normal v(p) :— V/(p). Then 

n 

[W V B){; ■) = R(-, u, -,!/)+£ B(-,e k )B(e k , ■). 

k=l 

where R is the curvature tensor of N and where ei, . . . ,e„ are unit vectors orthog- 
onal to each other and to v . 

Proof. Note that the hypotheses imply that v is a unit vectorfield and that the 
integral curves of v are geodesies: 

(27) V v v = 0. 

Let x and y be two tangent vectorfields to one of the level sets of /. Extend these 
vectorfields by parallel transport along the integral curves of v. Thus 

(28) V„x = V„y = 0. 
Now 

B(y, x) = B(x, y) - (V x y) • v = -x • V y i/. 
By (EH), (V„fl)(x,y) = i/(B(x,y). Thus by ([27]) and 

(V„B)(x,y) = KV x y v) 

= (V„V x y) • v + V x y V v v 
= (V„V x y) -I/ + 

= R(i/, x)y ■ i/ + (V x V„y) ■ v + (V[„, x] y) • v 
= R(v, x, v, y) + + (V[„ iX] y) • ^ 

It remains only to show that 

k 

(29) (V [v , x] y) • i/ = B ( x > e fc )B(e fc , y). 

i=l 

Now 

[u, x] = V„x - Vx^ = - V x ^ 
which is orthogonal to u, and thus tangent to the level sets of /, so 

(30) (V[„,*]y) • v = B([u, x], y) = B(-V x i>, y). 
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Now 

k 

-V x ^ = J^(-V x i/ ■ e fe )e fe 

i=l 
k 

= ^5(x,e fe )e fc 

i=l 

Substituting this into (|30[) and using the linearity of B(-,y) gives (|29|) . □ 

11.2. Proposition. Lei f2, /, z/, B, and M x (for x £ £1) be as in Lemma \ll.l\ Let 
Ki (x) <■•■</:„ (x) be the principal curvatures of M x at x with respect to the unit 
normal v. Let T be a geodesic curve perpendicular to the level sets of f (i.e., an 
integral curve of the vectorfield v :— Wf). 

IfP,q € T and if f(q) > f(p), then 

(31) Ki(q) > Ki(p) +Kdist(p,q), 

(32) trace m B q > trace m B p + mK dist(p, q), 

(33) H(q)>H(p) + pdist(p,q) 

where K is a lower bound for the sectional curvature of the ambient space, p is a 
lower bound for the Ricci curvature of the ambient space, and H(x) = trace B x is 
the mean curvature of M{x) at x with respect to v. 

Proof. Let V be the space of normal vectorfields v on T such that V„v = 0. Wc 
may regard B(q) and B(p) as both being symmetric bilinear forms on V . (In effect, 
we are identifying Tan p M p and Tan,j M q by parallel transport along T.) 

Let v be a vectorfield in V. Then V„(B(v, v)) = (V v B)(v, v), so by Lemma flLll 

(34) V v (B(v,v))>R{u,v,v,v). 
and thus 

V„S(v,v) >X||v|| 2 . 

Integrating from p to q gives 

S g (v,v) > B p (v,v) +K dist(p,(7)||v|| 2 

Now (f5Tj) follows from the Rayleigh quotient characterization of the eigenvalues of 
B Xl i.e., the principal curvatures. (See Lemma 111.31 below . ) 
Summing from i = 1 to m in (f3Tj) gives (|32|) . 

To prove (|33|) . let ei, . . . ,e„ be an orthonormal set of vectorfields in V . Then 
by m, 

V l ,B(e l ,e i ) > R(v, e», ^, e,). 
Summing from i = 1 to n gives 

V„/i > Ricci(^, v) > p. 
Assertion (|33[) follows by integrating from p to q. □ 

11.3. Lemma. Let Q and Q' be symmetric bilinear forms on a Euclidean space V. 
Suppose Q(v, v) < Q'(v,v) for all unit vectors v. Then each eigenvalue of Q is 
less than or equal to the corresponding eigenvalue of Q' . 
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Proof. This follows immediately from the Rayleigh quotient characterization of the 
eigenvalues: 

Afc(Q) = inf sup Q(w,w) , 

W<=G(k,V) \w£W, M=i J 

where G(k, V) is the set of fc-dimensional linear subspaces of V . □ 
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